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The concepts of crack energy density (CED) and its derivatives in arbitrary direction were established for piezoelectric
material and, keeping their application to mixed mode fracture in mind, the characteristic features of them as fracture
parameters were investigated based on the approximate equations for CED and its derivatives. That is, CED and its deriv-
atives in arbitrary direction are deﬁned ﬁrst and separation into their each mode contribution is made. Subsequently, path
independent integral expressions of them are derived, and then using them, approximate equations of each mode contri-
bution of CED are obtained concretely for the case where linear singular solution is known. The resulting equations are
then used to investigate the eﬀects of electric ﬁeld and electrical boundary condition on CED and its derivatives. An inﬁnite
piezoelectric plane with a crack inclined with respect to the poling direction is considered as a numerical example. Mode I
contribution of mechanical CED is mainly employed as a possible fracture parameter for the study and it was shown that
applied electric ﬁeld signiﬁcantly inﬂuences on fracture parameters especially for the impermeable crack perpendicular to
the poling direction. The eﬀect of electric ﬁeld has the tendency to decrease as crack inclination angle increases. It was also
found that, even for the impermeable crack perpendicular to the poling direction, crack propagation could be deviated
from self-similar direction under a strong negative electric ﬁeld, and this fact is qualitatively consistent with an existing
experimental observation. For the ideally sharp crack with no width, impermeable and Hao and Shen type boundary con-
ditions are admissible showing qualitative agreement with experimental results, but exact boundary condition is not suit-
able and ﬁnally consistent with permeable boundary condition.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
With more increasing use of piezoelectric ceramics in smart devices like sensors and actuators, the concerns
about their reliability for strength and fracture have been growing in recent years. Over the past two decades, a
considerable number of studies have been made on fracture of piezoelectric materials and many of them have0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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agreement even on the fracture parameter itself and their fracture mechanism is still controversial.
Considering the fact that most defects existing in piezoelectric devices are not simply in mode I condition
but mainly in so-called mixed mode condition, studies on the crack behavior under mixed mode are indispens-
able for the materials. Nonetheless, very few attempts have been made at the electromechanical mixed mode
fracture and the knowledge of the issue is surprisingly limited. As examples, McHenry and Koepke (1983) ﬁrst
observed that crack propagation could be deviated from its original direction under a strong electric ﬁeld.
Three-point bending specimen with an unsymmetrical crack was adopted for mixed mode fracture test and
fracture initiation loads and directions were measured (Park and Sun, 1995). Xu and Rajapakse (1999) derived
analytical crack tip singular ﬁelds for a piezoelectric plane with an arbitrarily oriented elliptical void. They
extended the solutions further by removing the commonly used assumptions that the void boundary condition
is impermeable (Xu and Rajapakse, 2001). Recently, their result was applied in order to obtain the expression
of strain energy density factor under assumption of impermeable crack surface boundary condition (Chue and
Weng, 2005). However, the governing fracture parameter is still ambiguous even for a mode I crack of which
the extension is supposed to be self-similar, and we must say that it is more ambiguous for a mixed mode crack
that leads to non-self-similar crack extension.
For a mode I crack that causes self-similar extension crack, we newly deﬁned crack energy density (here-
after CED) for piezoelectric materials as a possible fracture parameter and clariﬁed some fundamental matters
such as its meaning, relation to other fracture parameters and loading path dependency (Nam and Watanabe,
2007). Also the CED for the case where a defect ﬁlled with an electric inclusion exists was discussed and the
eﬀect of the electric boundary condition on CED was investigated through ﬁnite element analyses (Nam and
Watanabe, 2008). Moreover, we proposed a fracture criterion that a crack starts to grow when the mechanical
contribution of CED reaches a certain critical value peculiar to the material and its applicability was also dem-
onstrated through the comparison between experimental and numerical results (Nam et al., 2007).
Keeping a mixed mode crack in mind, in this work, the concept of CED deﬁned as the quantity in the crack
direction is extended to the quantity meaningful also in an arbitrary direction. That is, the CED in an arbitrary
direction for piezoelectric material is deﬁned ﬁrst. Then, separation of its each mode contribution is conducted
and path independent integral expressions of CED in arbitrary direction and its derivatives, including its each
mode contribution, are then derived. For a linear electro-elastic piezoelectric material with an arbitrarily ori-
ented crack to poling direction, approximate equations of CED and its derivatives will be derived based on
some assumption and using the singular solutions by Xu and Rajapakse (2001). Finally, paying our attention
mainly to mode I contribution of mechanical part of CED in an arbitrary direction as a possible fracture
parameter, the inﬂuence of applied electric ﬁelds on them and crack growth direction are examined, varying
the electric boundary condition on crack surface, based on the approximate equations.
2. CED in arbitrary direction for piezoelectrics
In this section, based on the knowledge obtained in the previous papers for the case where self-similar crack
extension is supposed (Nam and Watanabe, 2007, 2008), CED in arbitrary direction is discussed taking crack
extension in the corresponding direction into account. First, the deﬁnition of CED in arbitrary direction is
given. Then, the path independent expressions of CED in arbitrary direction and its derivative are derived.
2.1. Deﬁnition
Consider a piezoelectric medium containing a notch-like crack with suﬃciently small root radius q as
shown in Fig. 1. The crack is supposed to be ﬁlled with a dielectric inclusion such as air or vacuum. In ﬁgure,
ðX 1; X 2; X 3Þ is a ﬁxed coordinate and ðx1; x2; x3Þ is a coordinate which is given by rotating ðX 1; X 2; X 3Þ by the
amount of u around X 3-axis. Cþð0Þ and Cð0Þ are the parts of semi-circular path along crack (notch) tip in
x1 P 0 and x1 6 0, respectively. Call, hereafter, the shaded thin layer between two broken lines parallel to x1
axis, that becomes a plane in the limit when q approaches 0, just u plane, for descriptive purposes. Then, as in
the case of ordinary materials (Watanabe and Shiomi (1984); Utsunomiya (1992)), the CED in arbitrary direc-
tion (in x1 direction), Eu, for piezoelectric materials can be deﬁned by
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Fig. 1. A notch-like crack ﬁlled with a dielectric inclusion.
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Db!0
Z
DV
W dV
 
Db ¼ lim
Db!0
Z Db
0
 Z
Cþðx1Þ
W dx2
 !
dx1 Db ¼
Z
Cþð0Þ
,
W dx2 ð1Þand this physically means the work, expressed per unit area in the u plane, done at the Cþð0Þ part of the crack tip
during electromechanical deformation. Here, DV is the volume of the shaded layer, of which the length in x1
direction is Db, between, letting Cþðx1Þ be the path obtained by moving Cþð0Þ in parallel by x1ðP 0Þ,
Cþð0Þ and CþðDbÞ in Fig. 1. Unit thickness is considered in the direction of thickness (in x3 direction). W
is the quantity, which may be called extended strain energy density, deﬁned byW ¼ W M þ W E
W M ¼
Z t
0
rijdeij; W E ¼
Z t
0
EidDi
ð2Þwhere rij, eij, Di and Ei are stress, strain, electric displacement and electric ﬁeld components deﬁned in
ðx1; x2; x3Þ coordinate, respectively. Note that the subscripts of tensors and vectors, i and j, in this work are
based on ðx1; x2; x3Þ coordinate hereafter. Superscripts M and E denote mechanical and electrical parts for
the corresponding quantities, respectively. The integral means to integrate from time s ¼ 0 for initial state
to present time s ¼ t along actual loading path and the same goes for hereafter. Eu by Eq. (1) is the natural
extension of the deﬁnition of CED formerly given considering self-similar crack extension (Nam and Watan-
abe, 2007) and Eu when u ¼ 0 naturally coincides with it. Eu is the quantity that may be called strain energy
area density in the u plane to which our attention is paid.
Since W is deﬁned as the sum of its mechanical contribution W M and electrical contribution W E, as shown
in Eq. (2), Eu can be divided into its mechanical part E
M
u and electrical part E
E
u. Moreover, it is shown for
ordinary materials that CED in arbitrary direction can be divided into each deformation mode contribution
in general (Utsunomiya, 1992), and EMu and E
E
u for piezoelectric materials are also divided into each mode con-
tribution in the same manner without loss of generality. That is, when in-plane problem is considered,Eu ¼ EMu þ E Eu
EMu ¼
Z
Cþð0Þ
W Mdx2; E
E
u ¼
Z
Cþð0Þ
W Edx2
EMu ¼ EMIu þ EMIIu
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Z
Cþð0Þ
W MIdx2; E
MII
u ¼
Z
Cþð0Þ
W MIIdx2
EEu ¼ EEIu þ EEIIu
EEIu ¼
Z
Cþð0Þ
W EIdx2; E
EII
u ¼
Z
Cþð0Þ
W EIIdx2
ð3Þwhere superscripts I and II denote mode I and mode II contributions of each quantity, respectively.
The CED in arbitrary direction (in x1 direction) for the crack model of q ¼ 0 is deﬁned, as the limit when q
approaches zero, byEðcÞu ¼ limq!0
Z
Cþð0Þ
W dx2 ð4ÞThe same thing goes also for other quantities. The superscript (c) is attached here just to show that it is the
quantity deﬁned for the crack model of q ¼ 0. Hereafter, also when the case of q ¼ 0 is considered, the super-
script will not be attached for simplicity, because the case can be dealt with as the limit of the case for a notch.
Also the complementary quantities of the CED above can be deﬁned in the similar way and, for a later use,
deﬁne the complementary quantity of EEu byEEuc ¼
Z
Cþð0Þ
W Ec dx2; W
E
c ¼
Z t
0
DidEi ð5Þwhere, subscript c denotes the complementary quantity and the same goes hereafter. It goes without saying
that EEuc has the meaning of electrical contribution of the complementary energy area density.
Here, consider the case where the positive direction of x1 axis is reversed, that is, the rotation angle of x1 and
x2 axes is u0ð¼ u 180Þ as shown in Fig. 2 (when u < 0, obviously u0 ¼ uþ 180Þ. Also in this case, CED in
x1 direction is deﬁned, corresponding to Eq. (1), byEu0 ¼
Z
Cþ
u0 ð0Þ
W dx2 ð6ÞWhen the notation here is used, Cþð0Þ in Eq. (1) and Fig. 1 should be expressed by Cþu ð0Þ. However, subscript
u of C is omitted in Eq. (1) and Fig. 1 for simplicity and the same goes also hereafter. Considering that Cþu0 ð0Þ
and dx2 in Fig. 2 correspond to C
ð0Þ and dx2 in Fig. 1, respectively, the CED in the u0 plane can be ex-
pressed also byEu0 ¼ 
Z
Cð0Þ
W dx2 ð7ÞIt should be noted that Cð0Þ in Fig. 1 is related to the CED in the opposite direction.(0)ϕ+′Γ
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Fig. 2. A coordinate system rotated by the amount of u 180 with respect to X 3-axis.
B.-G. Nam, K. Watanabe / International Journal of Solids and Structures 45 (2008) 1935–1953 19392.2. Path independent integral expressions
Consider again the piezoelectric medium subjected to electromechanical loads shown in Fig. 1. Let C be an
arbitrary path surrounding the path Cþð0Þ and A be the area surrounded by closed path C Cþð0Þ. Body
force and free charge are not considered for simplicity. Then, the following electromechanical energy conser-
vation law generally holds (Nam and Watanabe, 2007):Z
CCþð0Þ
ðWn1  T iui;1  /qs;1ÞdC
Z
A
Z t
0
ðrij;1deij  eij;1drij þ Ej;1dDj  Dj;1dEjÞdA ¼ 0 ð8ÞHere, T i, ui, / and qs are traction, displacement, electric potential and surface charge, respectively; ni is out-
ward unit normal vector. Therefore, taking Eq. (1) and T i ¼ 0 on Cþð0Þ into consideration, the relation asEu ¼
Z
Cþð0Þ
Wdx2 ¼
Z
Cþð0Þ
/qs;1dCþ
Z
C
ðWn1  T iui;1  /qs;1ÞdC

Z
A
Z t
0
ðrij;1deij  eij;1drij þ Ej;1dDj  Dj;1dEjÞdA ð9Þis derived from Eq. (8). Moreover, as the conservation laws similar to Eq. (8) hold for each of mechanical,
electrical and its complementary quantities (Nam and Watanabe, 2007), also the relations asEMu ¼
Z
Cþð0Þ
W Mdx2 ¼
Z
C
ðW Mn1  T iui;1ÞdC
Z
A
Z t
0
ðrij;1deij  eij;1drijÞdA ð10Þ
EEu ¼
Z
Cþð0Þ
W Edx2 ¼
Z
Cþð0Þ
/qs;1dCþ
Z
C
ðW En1  /qs;1ÞdC
Z
A
Z t
0
ðEj;1dDj  Dj;1dEjÞdA ð11Þ
EEuc ¼
Z
Cþð0Þ
W Ec dX 2 ¼
Z
Cþð0Þ
qs/;1dCþ
Z
C
ðW Ec n1  qs/;1ÞdCþ
Z
A
Z t
0
ðEj;1dDj  Dj;1dEjÞdA ð12Þare derived from these conservation laws.
Eu; E
M
u ; E
E
u and E
E
uc can be separated into each mode contribution in the same manner as for ordinary mate-
rials. Although just the results are shown here, when path C is taken, letting the dashed-dotted line in Fig. 1 be
a boundary line, so as to go through only in the region that includes DV , the path integral expressions of their
each mode contribution can be given asEau ¼
Z
Cþð0Þ
W adx2 ¼
Z
Cþð0Þ
/aqas;1dCþ
Z
C
ðW an1  T ai uai;1  /aqas;1ÞdC

Z
A
Z t
0
ðraij;1d eaij  Eaij;1draij þ Eaj;1dDaj  Daj;1dEaj ÞdA ð13Þ
EMau ¼
Z
Cþð0Þ
W Madx2 ¼
Z
C
ðW Man1  T ai uai;1ÞdC
Z
A
Z t
0
ðraij;1d eaij  eaij;1draijÞdA ð14Þ
EEau ¼
Z
Cþð0Þ
W Eadx2 ¼
Z
Cþð0Þ
/aqas;1dCþ
Z
C
ðW Ean1  /aqas;1ÞdC
Z
A
Z t
0
ðEaj;1dDaj  Daj;1dEaj ÞdA ð15Þ
EEauc ¼
Z
Cþð0Þ
W Eac dX 2 ¼
Z
Cþð0Þ
qas/
a
;1dCþ
Z
C
ðW Eac n1  qas/a;1ÞdCþ
Z
A
Z t
0
ðEaj;1dDaj  Daj;1dEaj ÞdA ð16ÞGenerally, as a concrete example is shown in Section 3.1, the quantity is divided into the component that be-
come symmetric about x1–x3 plane when q! 0 and the component that becomes anti-symmetric about x1–x3
plane when q! 0, and the former contributes to mode I deformation and the latter to mode II deformation
(Utsunomiya, 1992). In these equations, superscript a (=I and II) is used to denote each mode contribution for
corresponding quantities. In Eqs. (9)–(16), path C in the integrals of the right-hand sides can be taken arbi-
trarily (although, in case of Eqs. (13)–(16), the region where the path C can be taken is limited as mentioned
above), thus we may call them path independent integrals.
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oU
oDi
ð17ÞHere, U is internal energy density. In this case, the integrand of area integral term in Eq. (9) becomes zero
(Nam and Watanabe, 2007), that is,rij;1d eij  eij;1drij þ Ei;1dDi  Di;1dEi ¼ 0 ð18Þ
Therefore, Eq. (9) can be rewritten asEu ¼
Z
Cþð0Þ
W dx2 ¼
Z
Cþð0Þ
/qs;1dCþ
Z
C
ðWn1  T iui;1  /qs;1ÞdC ð19ÞAs for the integrand of area integral term in Eq. (13), note that the same holds true only for linear electro-
elastic case where the principle of superposition holds and the relation corresponding to Eq. (17) exists.
The area integral terms in Eqs. (14) and (15) do not vanish generally even under linear assumption, contrary
to that in Eq. (13). This means that, as was the case for EMu , E
E
u and E
E
uc when u ¼ 0 (Nam and Watanabe,
2007), EMau and E
Ea
u as well as E
M
u , E
E
u and E
E
uc are dependent, in general, on electromechanical loading history
from the beginning to the present time.
C in Fig. 1 is an arbitrary path surrounding the path Cþð0Þ, thus let us take the path Cþ, which partly
includes path CþðDbÞ, denoted by dotted line as C. The area enclosed by Cþ  Cþð0Þ is denoted by Aq. Then,
since the contribution of CþðDbÞ vanishes when q approaches 0 and n1 equals to 0 on upper and lower surfaces
of Cþ, Eqs. (10)–(12) can be rewritten, respectively, asEMu ¼ limq!0
Z
Cþ
ðT iui;1ÞdC lim
q!0
Z
Aq
Z t
0
ðrij;1deij  eij;1drijÞdA ð20Þ
EEu ¼ limq!0
Z
Cþð0Þ
/qs;1dCþ lim
q!0
Z
Cþ
ð/qs;1ÞdC lim
q!0
Z
Aq
Z t
0
ðEj;1dDj  Dj;1dEjÞdA ð21Þ
EEuc ¼ limq!0
Z
Cþð0Þ
qs/;1dCþ lim
q!0
Z
Cþ
ðqs/;1ÞdCþ lim
q!0
Z
Aq
Z t
0
ðEj;1dDj  Dj;1dEjÞdA ð22Þ3. Approximate evaluation of CED in arbitrary direction for linear problem and discussion based on some
examples
Based on some assumptions, in this section, approximate expression of each mode contribution of CED is
derived concretely for the case where linear singular solution is known. Using the obtained expressions, basic
investigation about the eﬀects of electric ﬁeld and electrical boundary conditions on mixed mode fracture is
then conducted.
3.1. Derivation of approximate expression of each mode contribution of CED in arbitrary direction
The ﬁrst term of the right hand side in Eq. (22) becomes exactly 0 for an impermeable crack since surface
charge qs is 0 on the crack (notch) surface. Also for a real crack with a dielectric inclusion, the value of the
term is supposed to be very small, compared to the second term. The value becomes larger as crack inclined
angle to poling direction increases, but it is still expected not to have so much share compared to the second
term. In addition, the area integral terms in Eqs. (20) and (22) seem to have negligible values in linear case
when electromechanical proportional loads are applied. These facts could be conﬁrmed by evaluating each
term in Eqs. (20) and (22) with the help of ﬁnite element analysis.
Hereafter, consider a linear piezoelectric medium, with a crack arbitrarily oriented with respect to the pol-
ing direction, subjected to proportionally applied electromechanical loads, shown in Fig. 3. At least in this
case, it can be said, through the results of ﬁnite element analysis, that neglecting the terms mentioned above
does not cause a signiﬁcant error in the accuracy. The details will be discussed in our following paper. Taking
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Fig. 3. An arbitrarily oriented crack subjected to electromechanical loadings.
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E
uc in linear problem into account, therefore, following approxi-
mated equations hold:EMu  limq!0
Z
Cþ
ðT iui;1ÞdC ð23Þ
EEu  limq!0
Z
Cþ
ðqs/;1ÞdC ð24ÞAnd their each mode contributions are now given asEMIu  limq!0
Z
Cþ
ðT 2u2; 1ÞdC ð25Þ
EMIIu  limq!0
Z
Cþ
ðT 1u1; 1ÞdC ð26Þ
EEIu  limq!0
Z
Cþ
ðqs/;1ÞdC ð27ÞIt should be noted that mode II contribution of EEu does not exist essentially from the electrical nature, that is,EEu ¼ EEIu ; EEIIu ¼ 0 ð28ÞThereby the mode separation of EEu in Eq. (3) is not so meaningful. However, it goes without saying that the
relation asEau ¼ E Mau þ EEau ð29Þholds in general.
Now, let us think about Eqs. (25)–(27) further. In Fig. 1, let C be the path which encloses Cð0Þ and cor-
responds to Cþ when the rotation angle of x1 and x2 axes is u0. Let r
AðnÞ
22 and r
BðnÞ
22 be the normal stress and
shearing stress, respectively, that are zero on C and actually generate on Cþ and let uAðnÞ2; 1 and u
BðnÞ
1; 1 be the com-
ponents of displacement gradient related to mode I and mode II deformations, respectively, that actually gen-
erates on C þ Cþ. Moreover, let DAðnÞ2 and /AðnÞ;1 be the electric displacement that is zero on C and actually
generates on Cþ and the gradient of electric potential that actually generates on C þ Cþ, respectively. Con-
sidering the fact that T i ¼ rijnj, qs ¼ Dini and n2dC ¼ dx1, Eqs. (25)–(27) can be expressed as
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Z
Cþ
ðT 2u2; 1ÞdC ¼ lim
q!0
Z
CþCþ
rAðnÞ22 u
AðnÞ
2; 1 dx1 ð30Þ
EMIIu  limq!0
Z
Cþ
ðT 1u1; 1ÞdC ¼ lim
q!0
Z
CþCþ
rBðnÞ12 u
BðnÞ
1; 1 dx1 ð31Þ
EEIu  limq!0
Z
Cþ
ðqs/;1ÞdC ¼  lim
q!0
Z
CþCþ
DAðnÞ2 /
AðnÞ
;1 dx1 ð32ÞNow, consider, in Fig. 3, a crack when q ¼ 0. For this crack, Xu and Rajapakse (2001) gave analytical sin-
gular solutions under some representative crack surface boundary conditions as shown in Appendix A. In the
coordinate system ðx1; x2; x3Þ rotated by angle u with respect to X 1 axis, singular ﬁeld solutions of Eqs. (A.1)–
(A.4) are expressed by using polar coordinate ðr; hÞ depicted in Fig. 4 asr11
r22
r12
0
B@
1
CA ¼ 1ﬃﬃﬃﬃﬃ
2r
p Re
X3
k¼1
ðsinu lk cosuÞ2
ðcosuþ lk sinuÞ2
ðcosuþ lk sinuÞðsinu lk cosuÞ
8><
>:
9>=
>;
hkﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ lk sin h
p ð33Þ
D1
D2
 
¼  1ﬃﬃﬃﬃﬃ
2r
p Re
X3
k¼1
kkðsinu lk cosuÞ
kkðcosuþ lk sinuÞ
 
hkﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ lk sin h
p ð34Þ
E1
E2
 
¼ 1ﬃﬃﬃﬃ
2r
p Re
X3
k¼1
rk cosu sk sinu
rk sinu sk cosu
 
hkﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ lk sin h
p ð35Þ
u1
u2
/
0
B@
1
CA ¼ ﬃﬃﬃﬃﬃ2rp ReX3
k¼1
ðpk cosuþ qk sinuÞ
ðpk sinuþ qk cosuÞ
rk
8><
>:
9>=
>;hk
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ lk sin h
p
ð36Þwhere lk, kk, rk, sk, pk and qk are the constants determined from material properties and their speciﬁc infor-
mation are provided in Appendix A.
Now, in the rotated coordinate ðx1; x2; x3Þ by the amount of u, consider a point P at an arbitrary h and its
symmetric point with respect to the x1–x3 plane P 0 as shown in Fig. 4. Here, symmetric point P 0 is, if uP 0 as
shown in ﬁgure, at 2u h when 2u 180 6 h 6 180 and at 2u h 360 when 180 6 h 6 2u 180,
respectively, and, if u < 0, it is at 2u h when 180 6 h 6 2uþ 180 and at 2u hþ 360 when
2uþ 180 6 h 6 180, respectively. Next, deﬁne the quantities given byr
θ
ϕ
1X
2X
1x
2x
12σ22σ
11σ
1D2
D P
P ′
2 ϕ θ–
Fig. 4. Stresses and electric displacement in the coordinate system rotated by angle u.
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rB22ðhÞ ¼ fr22ðhÞ  r22ð2u hÞg=2
rA12ðhÞ ¼ fr12ðhÞ  r12ð2u hÞg=2
rB12ðhÞ ¼ fr12ðhÞ þ r12ð2u hÞg=2
DA2 ðhÞ ¼ fD2ðhÞ þ D2ð2u hÞg=2
DB2 ðhÞ ¼ fD2ðhÞ  D2ð2u hÞg=2
uA2; 1ðhÞ ¼ fu2; 1ðhÞ  u2; 1ð2u hÞg=2
uB2; 1ðhÞ ¼ fu2; 1ðhÞ þ u2; 1ð2u hÞg=2
uA1; 1ðhÞ ¼ fu1; 1ðhÞ þ u1; 1ð2u hÞg=2
uB1; 1ðhÞ ¼ fu1; 1ðhÞ  u1; 1ð2u hÞg=2
/A;1ðhÞ ¼ f/;1ðhÞ  /;1ð2u hÞg=2
/B;1ðhÞ ¼ f/;1ðhÞ þ /;1ð2u hÞg=2
ð37Þfor when uP 0 and 2u 180 6 h 6 180 or when u < 0 and 180 6 h 6 2uþ 180, and
rA22ðhÞ ¼ fr22ðhÞ  r22ð2u h 360Þg=2
rB22ðhÞ ¼ fr22ðhÞ þ r22ð2u h 360Þg=2
rA12ðhÞ ¼ fr12ðhÞ þ r12ð2u h 360Þg=2
rB12ðhÞ ¼ fr12ðhÞ  r12ð2u h 360Þg=2
DA2 ðhÞ ¼ fD2ðhÞ  D2ð2u h 360Þg=2
DB2 ðhÞ ¼ fD2ðhÞ þ D2ð2u h 360Þg=2
uA2; 1ðhÞ ¼ fu2; 1ðhÞ þ u2; 1ð2u h 360Þg=2
uB2; 1ðhÞ ¼ fu2; 1ðhÞ  u2; 1ð2u h 360Þg=2
uA1; 1ðhÞ ¼ fu1; 1ðhÞ  u1; 1ð2u h 360Þg=2
uB1; 1ðhÞ ¼ fu1; 1ðhÞ þ u1; 1ð2u h 360Þg=2
/A;1ðhÞ ¼ f/;1ðhÞ þ /;1ð2u h 360Þg=2
/B;1ðhÞ ¼ f/;1ðhÞ  /;1ð2u h 360Þg=2
ð38Þfor when uP 0 and 180 6 h 6 2u 180 (apply ‘’ sign in Eq. (38)) or when u < 0 and
2uþ 180 6 h 6 180 (apply ‘+’ sign in Eq. (38)). It is easily seen that, in general, when uP 0, the quantities
with superscript A are symmetric with respect to the x1–x3 plane for 2u 180 6 h 6 180 and anti-symmetric
for 180 6 h 6 2u 180, and, when u < 0, symmetric for 180 6 h 6 2uþ 180 and anti-symmetric for
2uþ 180 6 h 6 180. The quantities with superscript B are, on the contrary, anti-symmetric for
2u 180 6 h 6 180 and symmetric for180 6 h 6 2u 180 when uP 0, and anti-symmetric for
180 6 h 6 2uþ 180 and symmetric for 2uþ 180 6 h 6 180 when u < 0. The sum of the quantities at
h with A and B coincides with the original quantity at h and it is naturally considered that symmetric and
anti-symmetric quantities are related to mode I and mode II deformations, respectively.
Here, let us apply Eqs. (33)–(36) to Eqs. (37) and (38) and let, for instance, rA22 be the distribution of stress
along x1 axis obtained from rA22ðuÞ and rA22ðu 180Þ. Moreover, let uA

þ
2; 1 be the distribution of the displace-
ment gradient along x1 axis obtained from uA2; 1ðuþÞ and u2; 1ððu 180ÞþÞ, and uA


2; 1 be that obtained from
uA2; 1ðuÞ and uA2; 1ððu 180ÞÞ. Symbols+ and  are attached to discriminate between the quantities on x1–
x3 plane of positive x2side and on x1–x3 plane of negative x2 side. Then, introducing Heaviside function H,
the following equations for and u
Aþ
2; 1  uA

2; 1 are derived.
Fig. 5
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2x1
p Re
X3
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u
Aþ
2; 1  u A
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
2; 1 ¼ 
2Hðx1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx1Þ
p ImX3
k¼1
hkðpk sinu qk cosuÞðcosuþ lk sinuÞ1=2 ð40ÞThe distributions of Eqs. (39) and (40) are shown schematically in Fig. 5(a) and (b), respectively, for reference.
Letting rB

12 and D
A
2 be the quantities deﬁned in the same way as r
A
22 and, moreover, ðuB

þ
1; 1; u
B
1; 1Þ and ð/A

þ
;1 ; /
A
;1 Þ
be the quantities deﬁned in the same way as ðuAþ2; 1; uB


2; 1Þ, also the following equations are obtained.rB

12 ¼
Hðx1Þﬃﬃﬃﬃﬃﬃﬃ
2x1
p Re
X3
k¼1
hkðcosuþ lk sinuÞ1=2ðsinu lk cosuÞ ð41Þ
u
Bþ
1; 1  uB

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1; 1 ¼
2Hðx1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx1Þ
p ImX3
k¼1
hkðpk cosuþ qk sinuÞðcosuþ lk sinuÞ1=2 ð42Þ
DA

2 ¼ 
Hðx1Þﬃﬃﬃﬃﬃﬃﬃ
2x1
p Re
X3
k¼1
hkkkðcosuþ lk sinuÞ1=2 ð43Þ
/
Aþ
;1  /A


;1 ¼ 
2Hðx1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx1Þ
p ImX3
k¼1
hkrkðcosuþ lk sinuÞ1=2 ð44ÞNow, consider again ðrAðnÞ22 ; rBðnÞ12 ; DAðnÞ2 Þ and ðuAðnÞ2; 1 , uBðnÞ1; 1 ,/ AðnÞ;1 Þ in Eqs. (30)–(32). It is easily seen that
ðrAðnÞ22 ,rBðnÞ12 ,DAðnÞ2 Þ coincides with ðrA

22 ; r
B
12 ; D
A
2 Þ and ðuAðnÞ2; 1 ; uBðnÞ1; 1 ; /AðnÞ;1 Þ does with, in the side of positive
x2, ðuA

þ
2; 1,u
Bþ
1; 1,/
Aþ
;1 Þ and, in the side of negative x2, ðuA


2; 1,u
B
1; 1,/
A
;1 Þ in the limit when q! 0. Accordingly, taking
the relationlim
g!0
Z g
g
Hðx1Þﬃﬃﬃﬃ
x1
p Hðx1Þﬃﬃﬃﬃﬃﬃﬃﬃx1p dx1 ¼
p
2
ð45Þinto consideration, the following equations for EMIu , E
MII
u and E
EI
u in Eqs. (30)–(32) are obtained.ϕ
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. Schematic distributions of stress and diﬀerence of displacement gradients between upper and lower planes of x1–x3 plane
onding to Eqs. (39) and (40).
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Re
X3
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hkðcosuþ lk sinuÞ3=2Im
X3
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hkðpk sinu qk cosuÞðcosuþ lk sinuÞ1=2 ð46Þ
EMIIu  limDb!0 limq!0
Z
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rBðnÞ12 u
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1; 1 dx1 ¼  limg!0
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rB
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12 ðuB
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Re
X3
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hkðsinu l cosuÞðcosuþ lk sinuÞ1=2Im
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hkðpk cosuþ qk sinuÞ
 ðcosuþ lk sinuÞ1=2 ð47Þ
EEIu   limDb!0 limq!0
Z
CþCþ
D AðnÞ2 /
AðnÞ
;1 dx1 ¼ limg!0
Z g
g
DA

2 ð/A

þ
;1  / A


;1 Þdx1
¼ p
2
Re
X3
k¼1
hkkkðcosuþ lk sinuÞ1=2Im
X3
k¼1
hkrkðcosuþ lk sinuÞ1=2 ð48ÞHere, ðgð> 0Þ; 0Þ is an arbitrary point on x1 axis. Since the contribution of rAðnÞ22 uAð nÞ2; 1 (or rA

22ðu
Aþ
2; 1  uA


2; 1Þ), for
example, to the integration value appears just at singular crack tip point, EMIu in Eq. (30) can be evaluated as
the limit when Db! 0 (or g! 0Þ in Eq. (46), and the same goes also for EMIIu and EEIu . Using the relation of
Eq. (29) and Eqs. (46), (47), one can easily have the expressions of Eau. Note that obtained equations are rightly
identical to the results for self-similar crack, if both crack inclined angle b and u are equal to zero (Nam and
Watanabe, 2007, 2008).
3.2. Numerical examples and discussion
The equations to evaluate each mode contribution of CED in arbitrary direction, although they are approx-
imate ones and are available under proportionally applied electromechanical load, were obtained in previous
subsection for the problem shown in Fig. 3. The characteristics of CED and its each mode contribution, what-
ever the fracture parameter is, will give us useful information to consider mixed mode fracture of piezoelec-
trics. So, their some fundamental characteristics obtained from Eqs. (46) and (48) are investigated here.
Mode I type fracture occurs usually in brittle materials like ceramics. Accordingly, EMIu , that is the work
mechanically done to open the plane our attention is paid to, is considered to be the most promising parameter
and, if so, it is quite natural to think that crack extension occurs in the direction where E MIu takes the max-
imum value when its maximum value reaches some critical value. And, the applicability of this way of thinking
was demonstrated for the case of mode I crack where EMIu takes the maximum value and E
MII
u = 0 in the direc-
tion of u ¼ 0 (Nam et al., 2007). Considering these, the investigations are conducted especially focusing on
EMIu , although what parameter is the most favorable is still an issue to be discussed further.
The problem dealt with is as was shown in Fig. 3 and PZT-4 was supposed as the material, of which the
material properties are shown in Table 1. Dielectric inclusion inside the crack was assumed to be air with
dielectric constant j0 ¼ 8:85 1012 C2=Nm2. Applied stress was kept at r0122 ¼ 1 MPa ðr0111 ¼ r0112 ¼ 0Þ
through the study.
The eﬀect of electric ﬁeld on each parameter in case of b ¼ 0 was investigated ﬁrst under impermeable
boundary condition. Figs. 6–8 show the variations of CED and its derivatives in arbitrary direction under rel-
atively weak electric ﬁeld, i.e., E012 ¼ 0 V=m, E012 ¼ 2 104 V=m and E012 ¼ 2 104 V=m (E011 ¼ 0 through1
al property for PZT-4 piezoelectric ceramics
constants ð1010 N=m2Þ Piezoelectric constants ðC=m2Þ Dielectric constants ð109 C=VmÞ
c12 c13 c33 c44 e31 e33 e15 j11 j33
7.78 7.43 11.3 2.56 6.98 13.84 13.44 6.0 5.47
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Fig. 6. Variations of normalized CED and its derivatives in arbitrary direction for a crack of b ¼ 0 subjected to only mechanical loading
under impermeable boundary condition ðr0122 ¼ 1 MPa and E012 ¼ 0 V=mÞ.
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Fig. 7. Variations of normalized CED and its derivatives in arbitrary direction for a crack of b ¼ 0 subjected to mechanical loading and
positive electric ﬁeld under impermeable boundary condition ðr0122 ¼ 1 MPa and E012 ¼ 2 104 V=mÞ.
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Fig. 8. Variation of normalized CED and its derivatives in arbitrary direction for a crack of b ¼ 0 subjected to mechanical loading and
negative electric ﬁeld under impermeable boundary condition ðr0122 ¼ 1 MPa and E012 ¼ 2 104 V=mÞ.
1946 B.-G. Nam, K. Watanabe / International Journal of Solids and Structures 45 (2008) 1935–1953the study), respectively. Each parameter was normalized by EI0imp, which means mode I contribution of CED in
self-similar direction ðu ¼ 0Þ in the absence of electric ﬁeld under impermeable condition. The ﬁgures show
that all the parameters, especially mode I contributions, are greatly inﬂuenced by applied electric ﬁeld. EIu and
B.-G. Nam, K. Watanabe / International Journal of Solids and Structures 45 (2008) 1935–1953 1947EMIu have the greatest at u ¼ 0, while EMIIu has the greatest at about u ¼ 90. With all that, variation of EEIu
with u is slight. And EIu and E
MI
u increase in case of positive electric ﬁeld and decrease in case of negative elec-
tric ﬁeld. The results by EIu and E
MI
u have a tendency to be consistent with the experimental result by Park and
Sun (1995), which indicated that positive electric ﬁeld could enhance crack extension and negative electric ﬁeld
could retard it.
Inﬂuence of electric boundary condition mentioned in Appendix A is then investigated. Fig. 9 shows, for an
instance, the variations of EMIu when E
01
2 ¼ 2 104 V=m under diﬀerent electrical boundary conditions.
Applied electric ﬁeld has little eﬀect on the parameter under exact or Hao and Shen type boundary condition,
contrary to under impermeable boundary condition. Substituting D02 in Eq. (A.16) into Eq. (A.7), we can easily
see that electric displacement applied at far ﬁeld D12 is eliminated. This is why remote electric loading has no
inﬂuence on the parameter under exact boundary condition. There exists the diﬀerence between positive and
negative applied electric ﬁelds under Hao and Shen type boundary condition, but it is not clear in Fig. 9 simply
because the electric loading is relatively weak. Other parameters except EMIu had the same tendency with regard
to the eﬀect of electrical boundary condition.
Fig. 10 shows the variation of EMIu under Hao and Shen type boundary condition when applied electric ﬁeld
is relatively strong ranging from 6 105 to 6 105 V=m. EMIu increases continuously as applied electric ﬁeld
increases from negative ones to positive ones, meaning that the increment of electric ﬁeld enhances crack
extension. We can also see that the direction in which EMIu has the greatest value remains unchanged as
u ¼ 0 for any electric loading.0.0
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Fig. 9. The eﬀect of electric boundary conditions on normalized EMIu for a crack of b ¼ 0 when E012 ¼ 2 104 V=m ðr0122 ¼ 1 MPaÞ.
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Fig. 10. Variation of normalized EMIu for a crack of b ¼ 0 under Hoa and Shen type boundary condition when applied electric ﬁeld is
relatively strong ðr0122 ¼ 1 MPaÞ.
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Fig. 11. Variation of normalized EMIu for a crack of b ¼ 0 under impermeable boundary condition when applied electric ﬁeld is relatively
weak ðr0122 ¼ 1 MPaÞ.
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changes from 8 104 to 8 104 V=m. In contrast to under Hao and Shen type boundary condition, the
eﬀect of electric ﬁeld on the parameter is notable even at a weak level of electric ﬁeld. It should be noted that,
with increasing negative electric ﬁeld, the greatest value of EMIu is not at u ¼ 0 any more and it is nearly at
u ¼ 60 when applied electric ﬁeld is below 6 104 V=m. This fact is qualitatively consistent with the
observation of McHenry and Koepke (1983), as introduced in Introduction: crack propagation could be devi-
ated from its original direction under a strong electric ﬁeld.
It is likely that we need to touch on electric boundary conditions here. Exact boundary condition has been
regarded as the best one for describing this dielectric inclusion problem. However, it seems not to be practical
for explaining the eﬀect of electric ﬁeld, as was shown in Fig. 9. This is because a crack of q ¼ 0 is employed as
the model of a crack. An ideally sharp crack has no width, diﬀerent from an actual crack with small but ﬁnite
width, and this must be one of the demerits of usually employed ideally sharp crack model for this dielectric
inclusion problem. Even though Hao and Shen type boundary condition may be one of the approximated con-
ditions to overcome the demerit of exact boundary condition, it expresses the eﬀect of electric ﬁeld well as
shown above. Impermeable boundary condition is also qualitatively admissible if one considers the safety
of the design, since the parameters are always overestimated under the condition. In addition, it is well known
that the values under exact boundary condition approach those under the impermeable crack when the ratio
of the width to crack length, i.e. q=a in Fig. 1, is larger than 102 (Sosa and Khutoryansky, 1996; Zhang et al.,
1998).
Next, Figs. 12 and 13 show the variation of each parameter under impermeable boundary condition when
b ¼ 30 and b ¼ 60, respectively. Applied electric ﬁeld was E012 ¼ 2 104 V=m. Compared with the case of
b ¼ 0 of Fig. 8, the absolute values of angle u, at which EIu and EMIu are the greatest, become larger as b
increases. Moreover, the ratio of mode II contribution to mode I contribution for mechanical CED
ðEMIIu =EMIu Þ at their maximum values also increases gradually with increasing b.
For a crack of b ¼ 30 or b ¼ 60, each parameter, although the ﬁgures are not shown here, had the same
tendency in the eﬀect of electric boundary condition as that of b ¼ 0 in Fig. 9. Figs. 14 and 15 show, as cor-
responding cases of Fig. 11 when b ¼ 0, the inﬂuences of electric ﬁeld on EMIu under Hao and Shen type
boundary condition for b ¼ 30 and b ¼ 60, respectively. As b increases, the eﬀect of electric ﬁeld on the
parameter decreased, and we could conﬁrm that the eﬀect ﬁnally disappears when b ¼ 90.
Figs. 16 and 17 show the eﬀect of electric ﬁled on EMIu under impermeable boundary condition when b ¼ 30
and b ¼ 60, respectively. The direction where EMIu takes the greatest value, slightly changed even under posi-
tive applied electric ﬁelds as well as under negative ones in spite of low level of applied electric ﬁelds. For the
impermeable crack, relationship between applied electric ﬁeld and the direction is summarized in Fig. 18 from
the results of Figs. 12, 17 and 18. It shows that with increasing positive electric ﬁelds the direction where EMIu
0.0
0.1
0.2
0.3
ε Iϕ /ε I0imp
ε MIϕ /ε I0imp
ε EIϕ /ε I0imp
ε MIIϕ /ε I0imp
N
or
m
al
iz
ed
 C
ED
s
-90 -60 -30 0 30 60 90
ϕ (degree)
Fig. 13. Variations of normalized CED and its derivatives in arbitrary direction for an inclined crack of b ¼ 60 subjected to mechanical
loading and negative electric ﬁeld under impermeable boundary condition ðr0122 ¼ 1 MPa and E012 ¼ 2 104 V=mÞ.
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Fig. 12. Variations of normalized CED and its derivatives in arbitrary direction for an inclined crack of b ¼ 30 subjected to mechanical
loading and negative electric ﬁeld under impermeable boundary condition ðr0122 ¼ 1 MPa and E012 ¼ 2 104 V=mÞ.
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Fig. 14. Variation of normalized EMIu for a crack of b ¼ 30 under Hoa and Shen type boundary condition when applied electric ﬁeld is
relatively strong ðr0122 ¼ 1 MPaÞ.
B.-G. Nam, K. Watanabe / International Journal of Solids and Structures 45 (2008) 1935–1953 1949takes the greatest value remains unchanged in case of b ¼ 0 and slightly decreases in cases of b ¼ 30 and
b ¼ 60. In contrast, with increasing negative electric ﬁelds it sharply increases in all cases, especially in case
of b ¼ 0.
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Fig. 15. Variation of normalized EMIu for a crack of b ¼ 60 under Hoa and Shen type boundary condition when applied electric ﬁeld is
relatively strong ðr0122 ¼ 1 MPaÞ.
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Fig. 16. Variation of normalized EMIu for a crack of b ¼ 30 under impermeable boundary condition when applied electric ﬁeld is relatively
weak ðr0122 ¼ 1 MPaÞ.
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Fig. 17. Variation of normalized EMIu for a crack of b ¼ 60 under impermeable boundary condition when applied electric ﬁeld is relatively
weak ðr0122 ¼ 1 MPaÞ.
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The concept of crack energy density for piezoelectric material was extended so as to be meaningful also in an
arbitrary direction for the treatment of electromechanicalmixedmode fracture, and itwas shown that theCED in
arbitrary direction is generally divided into mechanical mode I and mode II parts and electrical mode I part and
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Fig. 18. Relationship between applied electric ﬁeld and crack extension direction for impermeable crack ðr0122 ¼ 1 MPaÞ.
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approximate equations of each quantity were obtained for a linear electromechanical crack problem and the
eﬀects of applied electric ﬁeld and electric boundary condition on the CED and its derivatives were investigated.
Especially, the results for mode I contribution of mechanical CED, EMIu , are summarized as follows:
1. Applied electric ﬁeld inﬂuences more notably on EMIu under impermeable boundary condition than under
exact or Hao and Shen type boundary condition.
2. EMIu under impermeable and Hao and Shen type boundary conditions shows qualitative agreement with
existing experimental results on the eﬀect of applied electric ﬁeld. However,
3. EMIu under exact boundary condition is not aﬀected by applied electric ﬁeld. This fact comes from the use of
ideally sharp crack model and this is a demerit of ideally sharp crack model.
4. Crack propagation could be deviated from its self-similar direction under a strong negative electric ﬁeld
even when crack plane is perpendicular to poling direction.
5. The eﬀect of electric ﬁeld becomes smaller as crack plane inclines, and ﬁnally disappears when crack plane
becomes parallel to poling direction.
Appendix A
Details of electromechanical singular solutions near a piezoelectric crack tip can be found in Xu and Rajap-
akse’s work (2001) and the results used in this paper are summarized in the following. Consider an inﬁnite
piezoelectric plane polarized in the X 02-direction and containing a dielectric crack oriented with respect to
the poling direction by angle b, as shown in Fig. 3. Uniform electromechanical loadings r01ij and D
01
ij (or
E01ij Þ in ðX 01;X 02Þ coordinate system are applied at far ﬁeld. The solutions of singular ﬁeld for this problem
is given, using the polar coordinate system ðr; hÞ, byr11
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where r122, r
1
12 and D
1
2 are the far-ﬁeld loadings in ðX 1;X 2Þ coordinate that are easily calculated from the far-
ﬁeld loadings r0122 , r
01
12 and D
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2 in ðX 01;X 02Þ coordinate. Moreover,K ¼ ½Kkj	 ¼ 1D
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ðA:12Þaij; bij and dij ði; j ¼ 1; 2Þ are elastic, piezoelectric and dielectric constants, respectively, when the ðX 1;X 2Þ coor-
dinate system is employed and generally their values vary depending on crack oriented angle b. By using these,
the constitutive equation for plane stress or plane strain problem under the ðX 1;X 2Þ coordinate system can be
expressed ase11
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ðA:14ÞIn Eq. (A.5), electric displacement inside the crack D02 is dependent upon electric boundary conditions on
crack surface. The well-known condition called exact boundary condition (Sosa and Khutoryansky, 1996;
Zhang et al., 1998) is given as, on a defect surface,Dn ¼ D0n ¼ j0E0n ¼ j0
D/
Dun
; / ¼ /0 ðA:15Þwhere superscript 0 and subscript n refer the quantities in the cavity and the normal component of the quan-
tities, respectively. In this condition, as the defect approaches a crack of q ¼ 0,D02 ¼
Im
P3
k¼1rkðKk1r122 þ Kk2r112Þ
Im
P3
k¼1rkKk3
þ D12 ðA:16ÞIt was found that Eq. (A.16) ﬁnally becomes the same as that for permeable boundary condition (Parton,
1976; Mikhailov and Parton, 1990) because dielectric inclusion phase physically vanishes when a void ap-
proaches an ideal crack. Another condition called Hao and Shen type boundary condition (Hao and Shen,
1994) is given asDþ2 ¼ D2 ; Dþ2 ðuþ2  u2 Þ ¼ j0ð/þ  /Þ ðA:17Þ
where superscripts + and  denote the quantities on the upper and lower crack surfaces, respectively. Under
Hao and Shen type boundary condition, the following solution for D02 can be obtained:
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Im
P3
k¼1rk½Kk1r122  Kk2r112  Kk3ðD12  D02Þ	
Im
P3
k¼1qk½Kk1r122  Kk2r112  Kk3ðD12  D02Þ	
ðA:18Þwhere j0 is dielectric constant of the inclusion. For impermeable crack (Pak, 1992; Suo et al., 1992), D02 be-
comes 0.
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